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ABSTRACT

The model assumes the storm to be circularly symmetric and is expressed in z-coordinates. The information levels
correspond to pressures in the mean tropical atmosphere of 1015, 900, 700, 500, 300, 200, and 100 mb. The heating func-
tion. for the eyclone-scale motion is simulated by a convective adjustment of the lapse rate towards a pseudoadiabat
representative of ascent from the surface boundary layer. The rate of this adjustment is calibrated so that the vertically
integrated heating function is related to the upward flux of water vapor through the surface boundary layer.

Experiments with 10- and 20-km radial resolution are compared. The 10-km calculation yields a storm with more
realistic structure. The 20-km case does not contain a well-defined eye, whereas the 10-km experiment does. Rainfall,
kinetic energy production, and efficiency are all larger with 20-km resolution. In both experiments, computational
damping is an important component of the kinetic energy budget; however, the total dissipation of kinetic energy
(computational plus explicit) is fairly reasonable in comparizon to that found in empirical studies.

1. INTRODUCTION

A recent report (Rosenthal 1969) described our tropical
cyclone model and showed the results of a preliminary
calculation (experiment I). We concluded that the model
could simulate the life cycle of tropical cyclones with some
degree of reality despite obvious deficiencies. Prominent
among these was the rather coarse radial resolution (20
km between grid points) that had been adopted for com-
putational economy.

For purposes of comparison, the results of an experiment
with 10-km resolution are presented here. Because eco-
nomic considerations dictate that we continue to use 20-
km resolution for test calculations, this material is an
important benchmark for assessing the effects of resolu-
tion errors.

2. REVIEW OF THE MODEL

The model proposed below differs from Goyama’s (1967)
in that it employs primitive rather than balanced equa-
tions and has substantially greater vertical resolution. In
contrast to Yamasaki’s (1968) primitive equation model,
our model uses ‘2" rather than “p’’ coordinates. Also,
our system is open at the lateral boundary, whereas Yam-
asaki’s is closed. The information levels are listed in table
1; all dependent variables are defined at all levels.

The z-system seems a natural one for the hurricane
problem because of the very large pressure gradients that
occur at low levels. Calculations below sea level that arise
with pressure coordinates are avoided in the z-system.
The “sigma’ system of Phillips (1957), which might be &
reasonable compromise between the p- and z-systems,
leads to more complicated prognostic equations than
those obtained below and, hence, is more costly from a
computa,tlonal point of view.

The primary source of energy for the development of
tropical cyclones is the release of latent heat in organized
systems of cumulonimbi; a successful model must contain

TaBLE 1.—Heights and mean pressures of the information levels. The
mean pressures are approximate and are based on a mean hurricane
season sounding (Hebert and Jordan 1959).

Level Height (meters) Mean pressure (millibars)
1 0 1,015
2 1,054 900
3 3,187 700
4 5,898 500
5 9, 697 300
6 12,423 200
7 16, 621 100

8 reasonable parametric representation of this heating
function. Our formulation contains ingredients suggested
by previous investigators—in particular, Charney and
Eliassen (1964); Kuo (1965); Ogura (1964); Ooyama
(1967); Syofio and Yamasaki (1966); Yamasaki (1968)—
and is justified in the next paragraph.

The lower 400 to 500 mb of the undisturbed, marine
tropical atmosphere is almost always conditionally un-
stable (Gray 1967, Hebert and Jordan 1959, Garstang
et al. 1967, Malkus 1960). Empirical evidence (Gray
1967, Garstang et al. 1967, Malkus 1960) suggests that
the organized systems of deep cumulonimbi associated
with synoptic disturbances fend to neutralize this con-
ditional instability by adjusting the lapse rate toward a
pseudoadiabat representative of parcel ascent from near
sea level. Furthermore, these organized systems of deep
cumulonimbi seem to occur only in the presence of low-
level mass convergence (Malkus 1960), and the com-
pensation for this mass convergence appears to take the
form of ascent in the convective clouds (Riehl and
Malkus 1961).

Finally, there seems to be a close relationship be-
tween water vapor convergence in the lowest layers and
the rate of precipitation (Ogura 1964; Syofno 1950, 1951;
Syoiio et al. 1951).
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A heating function that is reasonably consistent with
these observations may be written

_mlwg(T—T) |

z 1)

f A(T—T)dz
provided that w, >0, T, >T. Otherwise,
¢=0. (1a)

In these expressions, L is the latent heat of evaporation,
ps is a standard density at level 2, w; is the cyclone-scale
vertical motion at that level, g is the average specific
humidity for the layer between levels 1 and 2, T, is the
temperature of a surface air parcel rising with constant
equivalent potential temperature, 7T is the actual air
temperature, z, is the lifting condensation level of the
surface air, and 2z, (the cloud top) is the level at which
the pseudoadiabat, through the lifting condensation
level, becomes cooler than the environment (Kuo 1965).

According to equation (1):

1) Convection occurs only in the presence of low-level
convergence (wgkzp) and conditional instability for surface
air parcels (T.>T).

2) All the water vapor that converges in the boundary
layer rises in convective clouds, condenses, and falls out
as precipitation.

3) All the latent heat thus released is made available
to the large-scale flow.

4) The vertical distribution of this heating is such that
the large-scale lapse rate is adjusted toward the pseudoa-
diabat appropriate to ascent from the surface.

The experiments reported on here are based on a
highly simplified version of a more general model. While
carried out primarily to test certain features of the model,
they yielded results that are reasonable enough to present
at -this time. The major simplifichtions are as follows:

1) The lifting condensation level of the surface air is
assumed to be fixed for all time halfway between levels
1 and 2 (527 m).

2) The average specific humidity over the lowest
1054 m is assumed to be the average saturation value
for this layer.

3) The vertical transport of momentum by small-scale
eddies is neglected, except at the air-sea interface where
it is treated as a drag effect.

4) The air-sea exchange of sensible heat is pragmatically
simulated by the requirement that air temperature in the
lowest 1054 m be steady state.

These assumptions and simplifications are made
primarily for reasons of computational economy. How-
ever, some of them also eliminate the need for explicit
formulations of relatively obscure physical processes.
Items 1 and 2 eliminate the need for a water vapor

conveyance equation. The lack of internal dissipation by
373-199 O—70——3 .
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vertical mixing—assumption 3—is partly compensated
for by the use of one-sided space and time differences
which provide an implicit internal dissipation. Assumption
4, although not satisfying from a theoretical point of
view, is justifiable on empirical grounds and is also used
by Yamasaki (1968). It eliminates the need for a tem-
perature forecast at levels 1 and 2 and for an explicit
formulation of the air-sea exchange of sensible heat.

The basic system of equations, assuming circular
symmetry, is

%I:_“ %4 aaz ~frut= g az oK. aa
e { ar( >} @
+'62< 262 K;Hf?r{ Or( >} ®)
b
e
66—=c,T, and M—=rv. (8)

The symbols are defined as follows:

radius,

height,

time,

relative angular momentum,

radial velocity,

tangential velocity,

vertical velocity,

Coriolis parameter,

density of a reference tropical atmosphere,

kinematic coefficient of eddy viscosity for verti-
cal mixing,

kinematic coefficient of eddy viscosity and con-
ductivity for lateral mixing,

0 potential temperature,

Cp specific heat capacity at constant pressure for

dry air,

Q condensation heating per unit time and mass
appropriate to the cyclone-scale flow,

acceleration of gravity,

1000 mb,

pressure,

air temperature, and

density.

1~ @ I N
Xy e TR

ol

O



108

Equations (2) and (3) are forms of the tangential and
radial equations of motion, respectively. Equation (4)
is the first law of thermodynamics. Equation (6) is a
simplified form of the continuity equation that can easily
be justified on the basis of an order of magnitude analysis.
Equation (5) is the hydrostatic equation.

Boundary conditions on the vertical motion at the top
and bottom levels are

W =W;= 0, ( 1 0)
where the subscript denotes level.

Equations (6) and (10) clearly filter the external gravity
wave and thus allow larger time steps. However, as shown
below, they place a restriction on the pressure field which
must be retained in the numerical model for physical
consistency. From (6) and (10),

27
pudz=0.

21

{M(f+M) w2y %Y g,
JRCHaT

+12 (.2 }dz (12)

=

(11)
From (3) and (11),

f o0 die—

By use of the hydrostatic equation (5)

3 o_ OH
L 20 22 g %’:1 padz—fn 02,

H—

(13)
where

gdz

Zl

(14)

and 2’ is a dummy variable. From (12), (13), and (14),

3 B+f 0——dz

aT f p0d2

Discarding viscous and diabatic effects, this system of
equations with the boundary conditions (10) gives the
energy integral

F43 ™ 2 2
[%j; j; E{%—q—l—cﬁT—l—gz}rdrdz
-—f f ( aprdrdz (16)

provided that the domain is mechanically closed at
r=r*1If the complete form of the continuity equation,

(15)

ap _Opw 16(pru)
ot 08z r or
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1(s 1§sed in place of (6), the energy integral analogous to
16) 1s

% J:’ ]:. p (z%{{— ¢, T+ gz>rdrdz
-J0 i3

which can be written in the more familiar form

27 r* 2 2
B%J; ﬁ p(q—l'—%——z+c,T+gz> rdrdz=0,

By comparison of (16) and (17), we see that the model is
only approximate in its conservation of total energy.

The advection terms in (2), (3), (4); and (12) are
calculated by the upstream noncentered method, and
the time derivatives are calculated as forward differences.
In the vertical, all variables are defined at all levels.
Along the radius, a staggered grid is employed. M and u
are defined at the grid points

drdz 17

(18)

r=(G—1)Ar, j=12,. . . ., (19)
while 6, ¢, w, and @ are given at
ri=—9ar, 5=1,2,.... (20)

The mixing terms in (2), (3), (4), and (12) are evaluated
by expressions similar to those previously used by the
author (1964). To evaluate vertical mixing terms at levels
1 and 2, we invoke the boundary conditions

g "’a =CoGiln| M) (21)
and
(BKZ %g)foprmwllul), (22)

where () is the (constant) drag coefficient, and || is an
approximation to (ui-+9})'? made for computational
economy.

The integrals required to calculate w from (6) and
¢ from (5) are evaluated by the trapezoidal rule. The
prognostic equations (2) and (3) are applied at the
radial grid given by (19) and at vertical grid points for

i=12, . . . 7. At j=1 (r=0),
M=0, u=0. (23)
At j=JJ 0 (r=440 km),
(ru)s, =) 1,01 (24)
and
MJW M,,maz (25)

which are the conditions, respectively, that the horizontal
divergence and relative vorticity vanish.

The potential temperature tendencies are evaluated on
the radial grid defined by (20) and at vertical grid points
for 1=3,4, . . ., 7. The boundary condition at o, in



February 1970
the potential temperature forecast is

8 ma..-.=e"maz_1 (26)

The initial conditions consist of a weak vortex in
gradient balance with no meridional circulation. This
state of balance is achieved as follows. A field of standard
potential temperature (9=8(z)) is specified. These values
are very nearly those of the mean hurricane season.
sounding (Hebert and Jordan 1959) and are listed in
table 2. The lower boundary condition ¢,=¢,(1015/1000)%/*»
is adopted, and a set of standard ¢=¢(2) are calculated
from the hydrostatic equation (5). A set of standard
temperatures (T=T(2)) are calculated from (8). Equation
(7) is then used to calculate standard pressures (p=p(2)).
Finally, the standard densities (p=p(2)) are obtained
from p=p/RT.

The initial temperature field is given by

T,-,,:Ti—i—e {cos r,—l—l} sin ZI 24,
7

where ¢=0.16°K and #=(J maz— 1) Ar. With the boundary
condition ¢y,;=4¢7, the hydrostatic equation, in the form

0¢/0z=—gs/c, T,

is integrated by the trapezoidal rule to obtain ¢.,; for
=6, 5, ., 1. With T and ¢ initialized, initial values
of 0 are calculated from (8), the gradient wind equation
is solved for the initial distribution of », and M is then cal-
culated from (9).

The prognostic cycle proceeds as follows:

1) calculate ) by the method described in section 1,
2) forecast M with equation (2),

3) calculate ¢ from (5) and (15),

4) forecast u with (3),

5) calculate w from (6),

6) forecast 6 with (4), and

7) return to 1) above.

Dependent variables are replaced with their new values
as soon as they become available. The scheme is, therefore,
semi-implicit, and the results depend on the order in which
the calculations are carried out. Indeed, computational
stability is dependent on the order of the calculations. The
sequence given above has proven to be highly stable.

After convection has been operative for some time,
lapse rates become coincident with the reference pseudo-
adiabat (Rosenthal 1969, fig. 8). In experiment I, the
release of latent heat was terminated when this occurred.
The so-called “large-scale” precipitation to be expected
with macroscale ascent of statically stable, or neutral,
saturated air was, therefore, neglected. The new experi-
ments attempt to include this second source of latent
heat by use of a technique employed in previous hurricane
models (Yamasaki 1968).! Large-scale precipitation is

27

(28)

L A new series of experiments to be reported on in the near future includes an explicit
prediction of specific humidity.

Stanley L.
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TasLe 2.—Standard values of thermodynamic variables
Level Height (m) 6(K)  TICK) p(mb) o (ton/md)
1 0 300 301.3 1015.0 1,174 X103
2 1,054 303 294.1 900, 4 1.067X10-3
3 3,187 313 282.6 699. 4 0.862X10-3
4 5,898 325 266. 5 499. 2 0. 653 X103
5 9, 697 340 240.8 299, 2 0. 433103
6 12,423 347 218.9 199.5 0. 318X10-3
7 16, 621 391 203.1 101.1 0.173X10-3

activated only after convection has neutralized the condi-
tional instability along a vertical. When the macroscale
vertical motion is upward along such a vertical, the
macroscale relative humidity is assumed to be 100 percent.
Except for the effects of eddy diffusivity (which are
ignored for this purpose), the macroscale motion must
then be along a pseudoadiabat which coincides with the
actual thermal stratification of the atmosphere, and,
therefore, adiabatic cooling is exactly balanced by large-
scale condensation; the temperature at a given point in
space is, therefore, unaffected.

3. EXPERIMENTS D10 AND D20

The two new experiments are designated D10 and D20.
Except for the release of latent heat by large-scale pre-
cipitation (see section 2), the physics of D10 and D20 are
identical to experiment I; D10 and D20 differ from each
other only in radial and temporal increments. Basic
parameters for the three experiments are summarized in
table 3. Strongest winds at the initial instant are about
7 m sec™! and are located at a radius of 250 km; the central
pressure at this time is 1013 mb.

4, LIFE CYCLE AND STRUCTURE AT SEA LEVEL

" The evolution of central pressure? and maximum
surface wind for experiments I and D20 is shown in
figure 1. We find differences only after 168 hr, when D20
is somewhat more intense. This difference is entirely due
to the large-scale precipitation included in D20 but not
in experiment 1. Before 144 hr, precipitation in both
experiments is entirely convective. Thereafter, D20 is
supplied latent heat by both types of precipitation,
whereas experiment I receives energy only through the
convective release of latent heat. The latter process
supplies energy in continually decreasing amounts as
more of the storm is neutralized with respect to pseudo-
adiabatic ascent (Rosenthal 1969, fig. 8).

The analogous data for experiment D10 are shown in
figure 2. Differences between D10 and D20 are relatively
minor. Peak intensity for D10 is reached about 24 hr

2 Pressure is not defined at zero radius because of the grid staggering, equations (19)

and (20). For experiments I and D20, central pressure is pressure z=0, r=10 km. For
experiment D10, central pressure is that at z=0, r=5 km.
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TABLE 3.—Some experimental parameters

Parameter Experiment Experiment | Experiment
I D20 D10

Kinematic coefficient of eddy viscos- | 104 m2 sec-t same same

ity andfor eddy conductivity for

lateral mixing
Kinematic coefficient of eddy viscos- | 10 m? sec~1 at same same

ity for vertical mixing level 1; zero

elsewhere

Drag coefficient 3 X103 same same
Coriolis parameter 5 X 10-%sec-t same same
Time increment 120 sec 120 sec 60 sec
Radial increment 20 km 20 km 10 km
Radial extent of computational do- | 440 km same same

main
Latent heat by large-scale precipita- | no yes yes

tion
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Figure 1.—Top, maximum surface wind as a function of time
for experiments I and D20; bottom, central pressure as a
function of time for experiments I and D20.

earlier than for D20. Also, D10 decays somewhat more
rapidly than D20. At peak intensity, however, the maxi-
mum surface wind for D10 is only about 1 m sec™! greater
than that for D20. Minimum central pressure for D10 is
only 3.5 mb less than for D20.
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Figure 2.—Top, maximum surface wind as a function of time
for experiment D10; bottom, central pressure as a function
of time for experiment D10.

On the basis of a recent calculation by Ooyama (1968),
greater differences between D10 and D20 had been ex-
pected. Qoyama (1968) compared results of his model
(Ooyama 1967) for different grid sizes with the numerical
integration scheme used here. He found computational
damping to decrease markedly as the radial resolution
was refined. Significantly stronger winds and deeper
central pressure were found with the smaller grid incre-
ments. Such a result is generally to be expected with up-
stream differencing (Molenkamp 1968z). The rather
minor differences between D10 and D20 were, therefore,
surprising.

Figure 3 shows that D20 gives a larger storm with a
substantially longer period of hurricane-force winds. In
experiment D10, the strongest winds and vertical motions
occur closer to the storm center than is the case for D20.
In general, such a result should be anticipated with more
closely spaced grid points. However, part of the explana-
tion is fairly subtle. Qoyama’s (1967) study as well as a
series of experiments with our model (section 9) indicate
maximum winds and vertical motions occur closer to the
storm center when smaller lateral mixing coefficients are
used. Although the explicit coefficient of lateral mixing is
identical for D10 and D20, these calculations contain a
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Fireure 3.—Radii of maximum surface wind and maximum
vertical motion at the 1054-m level; outer and inner limits
of gale- and hurricane-force winds at the surface. Top, experi-
ment D20; bottom, experiment D10.

computational lateral mixing that is produced by upstream
differencing of advection terms (section 9). The implicit
or computational lateral mixing is proportional to the
grid increment and, hence, is smaller in experiment D10.
From ﬁgure 3 we also find that the region covered by
winds in excess of gales continually expands in experi-
ment D20; whereas in experiment D10, gale-force winds
are constralned to lie within 200 km of the storm center.

One final aspect of figure 3 should be noted. In both
experiments, the largest boundary-layer vertical motion
occurs inside the maximum-surface wind. This is in con-
trast to Qoyama’s (1967) results and is explicable (Ooyama
1968) by his use of the gradient-wind assumption in the
boundary layer.

Radial profiles of surface wind and surface pressure at
the time of deepest central pressure are shown in figure 4.
The profiles for both experiments are quite realistic;
however, as already indicated by figure 3, D10 yields a
much more compact storm with greater concentration of
wind speed and pressure deficit in the inner core.
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Figure 4.—Radial profiles of surface wind speed and
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experiment D20 at 192 hr.

5. VERTICAL CROSS-SECTIONS

Figures 5 through 8 compare vertical cross-sections of
tangential wind, temperature anomaly, radial wind, and
vertical motion for experiments D10 and D20. As before,
the data are appropriate to the time of deepest central
pressure. Both experiments provide quite realistic storm
structure (compare with empirical results of, for example,
Hawkins and Rubsam 1968).

A number of important, if subtle, improvements in
structure are, however, found in D10. In figure 6, we note
that between radii of 50 and 150 km, D20 yields greatest
temperature anomaly at 500 mb. This somewhat unreal-
istic feature was also found in experiment I (Rosenthal
1969) and is substantially improved in D10.

The results of experiment I (Rosenthal 1969) showed -
maximum outflow at the 100-mb level, and {rom figure 7
we see that this is also the case with D20. On the other
hand, D10 shows an outflow pattern more consistent with
ideas of previous writers (see, for example, Hawkins and
Rubsam 1968).

Experiment I showed 20-km resolution to be insufficient
for resolving the eye dynamics. As a result, subsidence at
the storm center was not a permanent feature of a mature
stage but rather a feature that appeared, dissappeared,
and reappeared (Rosenthal 1969). A similar result is
found for experiment D20, as is verified by inspecting
figure 8. Experiment D10, on the other hand, shows a
distinct region of subsidence at the storm center, and this
persists throughout the mature stage.
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6. PRECIPITATION AND EFFICIENCY

Rainfall rates, averaged over the inner 100 km, are
shown in figure 9. Experiments D10 and D20 both give
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Ficure 11.—Efficiency of the tropical cyclone. Efficiency is
defined as the ratio of the rate of kinetic energy production
to the rate of condensation heating. Condensation heating
includes both the convective and the large-scale contributions.
Values plotted are averages over the radial interval zero to
200 km. Top, experiment D10; bottom, experiment D20.

fairly reasonable, if somewhat large values ® of precipita-
tion. Rainfall is somewhat less in D10. In neither experi-
ment does large-scale precipitation appear before the 144th
hour. Comparison of the convective and large-scale rainfall
rates (figure not shown) shows that by the end of the cal-
culation the rainfall in the inner 100 km of D10 is entirely
large-scale; the thermal structure there has been neutral-
ized and pseudoadiabatic lapse rates prevail. For ex-
periment D20, on the other hand, large-scale precipitation
is never found beyond the inner 60 km.

The main controlling factor for the convective rainfall
is the vertical motion at level 2. Figure 10 shows radial
profiles of this quantity at the times of deepest central
pressure. The maximum vertical motion for D10 is about
40 percent greater than for D20. Because of the difference
in resolution, D20 builds a broader “eye wall” and the
average vertical motion over the inner 100 km is larger
for D20. This explains the larger average rainfall rate
(fig. 9) for D20.

The ‘“‘efficiency”’ of a tropical cyclone is usually
defined as the ratio of kinetic energy production
to latent heat release. Figure 11 shows average values of

3 The tendency for the rainfall to be on the heavy side was also found in experiment I.
This appears to be directly attributable to the absence of a mechanism for atmospheric
storage of water vapor. Newer experiments (see footnote 1) remedy this situation.
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F1gurr 12.—Generation of available potential energy by
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radial interval zero to 400 km. Dashed lines give contributions
for the radial interval zero to 100 km.

these efficiencies for the inner 200 km of the two experi-
ments. Both experiments give reasonable values (Qoyama
1968, Palmén and Riehl 1957), but those for D20 are
somewhat larger.

7. GENERATION OF
AVAILABLE POTENTIAL ENERGY

The generation of available potential energy * by the
total release of latent heat (convective plus large-scale)
is shown in figure 12. During the earlier phases of the ex-
periments, the generation rates for D10 are significantly

¢ The computational method is described in the appendix,

!
TIME (HOURS)

F1eurE 13.—Variation with time of the kinetic energy content
of various rings of the storm for experiment D20.

greater than those for D20. This is in contrast to the total
release of latent heat which, as we have already seen,
is larger for D20.

In both experiments, generation during the first 200 hr
or so is largely limited to the inner 100 km. Only late in
the life cycle do the remaining portions of the circulation
become active as generators of available potential energy.
Even then, however, generation in the outer 300 km is
quite small in D10. Experiment D20, on the other hand,
generates substantial available potential energy in the
100- to 400-km ring.

Compared with empirical data (Anthes and Johnson
1968), the generation rates for both experiments are of
the correct order of magnitude but somewhat too large.
This is probably related to the excessive rainfall rates dis-
eussed in section 6.
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8. KINETIC ENERGY BUDGETS

Figures 13 and 14 show that reasonable agreement
between the kinetic energies of the two experiments is
achieved only in the inner 100 km. In the outer rings,
the kinetic energy content of D20 is two to three times
greater than that of D10. In the 200- to 300-km and
300- to 400-km rings, Kinetic energy increases throughout
the history of D20. In D10, on the other hand, maxima
of kinetic energy are reached near the end of the calcu-
lation. In D10, the storm as a whole (0 to 400 km) has
clearly passed its maximum of kinetic energy by the end
of the computation, but in D20 the kinetic energy is
increasing even at this time (figs. 15 and 16).

Components of the kinetic energy budgets (see footnote
4) are shown by figures 17 and 18. Except for the lateral
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mixing term, the components of the D20 budget are
each substantially greater than their counterparts in
D10. During most of both experiments, the only positive
contribution to the kinetic energy tendency is the gen-
eration term. The only possible explanation for the
higher kinetic energy content of D20 is that, in comparison
to D10, it overestimates generation.

9. LATERAL MIXING AND PSEUDO-VISCOSITY

Figure 19 compares the results of a series of experiments
(20-km resolution) in which the lateral mixing coefficient
was varied. In view of the rather minor contribution to
the kinetic energy budget (fig. 17) made by lateral mix-
ing, the differences between the results with Kp=10*
m? sec™ and 10°® m? sec™ (fig. 19) are at first surprising.
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Figure 18.—Same as figure 17 but for experiment D10.

By comparison of figures 17 and 20, however, it becomes
clear that the dissipation by lateral mixing is of the
same order of magnitude as the time rate of change of
kinetic energy. The differences in the experimental re-
sults when Ky is reduced from 10* to 10° m? sec™! are,
therefore, understandable. On the other hand, figure 19
also shows that further reduction of Ky from 10° m?®
ec™! to zero has rather little effect. This can be explained
on the basis of the computational damping.
Consider the simple advection equation

0A

V(?,; (29)

and the finite-difference analog attained with upstream
space and forward time differences,

V(A}—-A}_l)At

—Ai=- As

Aj+ (30)

where V is presumed to be positive and constant. It may
be shown (Molenkamp 1968a) that the solutions of (4)
approximate those of

84 oA
a 88 +V 3 (31)
where the pseudoviscosity coefficient (») is given by
|V| { MM} As. (32)

5 Molenkamp obtains equations (31) and (32) by replacing the finite differences in (30)
with differential oxpressions obtained from second-order power series expansions of A4
in time and space and by use of (20). A more exact expression for » may be found by equat-
ing the exact solution of (30) to the solution of A 0t==1*0A/0s+1v02A[0s2. This yields two
equations that can be solved for »* and ». It may further be shown that (32) is an ap-
proximation to the » calculated by the method described in this footnote.



February 1970

60 T T T T
- 50
(4]
[
"
£
- 401
[}
=
= 30
o
'S
/2]
= 20
=2
=
=
< w0
o 1 1 | ]
o) 48 96 144 192 240
TIME (HOURS)
1015 T T T T
a ‘\\\\\ s
\\ \\
- \
1005 W\ 1
vy -
— = \ S}
4 VIR
o 995 W -
o 1
= (. i
: &
W 985 ! Ky=10* 1
> 5 T A
(7] 1 1
[42] ‘ z ]
W 975} VoL
o B \ \ Kf.‘;ilo‘(m' sec)
- ‘ \ ————
S 9esf Vo ™
- \ .
§ B \‘\KH=10 (m® seé?) -
9551 \\‘___—""~‘\:'\
= KH:OV .
1 1 ] ]
945 (o]} 48 96 144 192 240

TIME ( HOURS)

Stanley L. Rosenthal

Figure 19.—Top, maximum surface wind as a function of time
for a series of experiments in which the lateral mixing co-
efficient is varied, radial resolution is 20 km; bottom, central
pressure as a function of time for the same series of

experiments.
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By use of equation (32), the pseudoviscosity coefficients
for both lateral and vertical mixing were computed for
experiments D10 and D20. Those for lateral mixing,
mass averaged over the entire storm, are given in figure
21, which shows the pseudoviscosity for lateral mixing
to be on the order of 10* m? sec™*. Since this is also the
order of the explicit lateral mixing coeflicient, reduction of
Ky from 10* to 10° m? sec™ produces a substantial re-
duction in the total effective lateral dissipation. On the
other hand, when the explicit lateral viscosity is 10
m? sec™?, the total effective lateral dissipation is already
dominated by the pseudoviscosity; further reduction of
Ky therefore has a negligible effect on the total effective
lateral mixing. A similar effect in Ogura’s (1963) convec-
tion experiments is discussed by Molenkamp (1968a).
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Figure 23.—Variation with time of mass-averaged vertical
pseudoviscosity for various rings of the storm for experiment
D10.

As noted in section 2, explicit internal vertical mixing
was not included because the numerical damping was
believed to provide sufficient internal dissipation. In ex-
periment I {Rosenthal 1969}, it was found that the sum of
the computational damping and explicit lateral mixing
gave a total effective internal dissipation comparable to
that produced by drag friction. This rough one-to-one
relationship between internal and surface dissipation is
about that found for some real storms (Miller 1962,
Riehl and Malkus 1961) and therefore provides some
justification for omission of the explicit vertical viscosity.

Additional information on this matter is given in
figure 22, which shows the pseudoviscosity coefficients
for vertical mixing averaged over the entire storm. Com-
pared with explicit eddy viscosities suggested by previous
hurricane investigators (for example, Ooyama 1967,

Figure 24.—Same as figure 23 but for experiment D20.

Kasahara 1961), the pseudoviscosities are quite large.
Vertical averages for individual 100-km rings are shown
in figures 23 and 24. The magnitudes are startling, es-
pecially in the inner 100 km where the coefficients approach
10® m? sec™.

Since the results of experiments I, D20, and D10 are all
fairly realistic, it seems reasonable to conclude that a model
written in a nondissipative finite-difference scheme would
require explicit dissipation coefficients substantially
larger than those that have been used before.

10. SUMMARY AND DISCUSSION

Reduction of the radial increment from 20 to 10 km
improves some aspects of the storm structure. Most
noteworthy is the appearance of a distinct region of
subsidence at the center, which is analogous to the eye
of a real hurricane. With 20-km resolution, the size of the
storm (measured by the area covered by winds exteeding
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gale force) continually increases with time. In the 10-km
case, this region is contained within a radius of 200 km
of the storm center.

In comparison to 10-km resolution, 20-km resolution
tends to overestimate rainfall, efficiency, and kinetic
energy production; generation of available potential
energy is underestimated. While computational damping
due to upstream differencing of the advection terms is
substantially greater with 20-km resolution, the deepest
central pressure and the strongest surface winds are almost
the same for the two experiments. The kinetic energy
budgets for the two experiments show the 20-km experi-
ment to have substantially greater kinetic energy and
kinetic energy generation.

The rainfall rates in both experiments are reasonable
but somewhat heavy. This is attributable to the lack of
a water vapor storage mechanism, which in turn, is related
to the absence of an explicit forecast of specific humidity.
This deficiency has already been corrected, and the results
of a new series of experiments will be reported in the near
future.

As a measure of the computational damping produced
by upstream differencing, the pseudoviscosity coefficients
derived by Molenkamp (1968a) were presented. Averaged
over the entire storm, the values for lateral mixing in both
experiments were on the order of 10* m? sec™*. The values
with 20-km resolution were two to three times larger than
those found with 10-km resolution. In both experiments
the lateral pseudoviscosity was of the same order of mag-
nitude as the explicit lateral mixing.

For vertical mixing, the pseudoviscosity coeflicients
were quite large compared with eddy viscosities generally
accepted to be valid for hurricanes. Averaged over the
storm as a whole, these pseudoviscosities were 40 to 80 m?
sec”!. When averaged only over the inner 100 km, values
on the order of 200 to 800 m? sec™! were obtained. This
is over an order of magnitude greater than explicit eddy
viscosities suggested earlier by hurricane modelers.

In both experiments, the total internal dissipation
(sum of the explicit lateral viscosity, the vertical pseudo-
viscosity, and the lateral pseudoviscosity) of kinetic
energy is roughly comparable to the dissipation at the
lower boundary by drag friction. A rough equivalence
between internal and external dissipation is also found
in empirical studies. This, together with the fact that the
major part of the internal dissipation is computational
rather than explicit, leads to the conclusion that if the
model were to be expressed in a nondissipative numerical
system, extremely large explicit lateral and vertical
viscosities would be required to obtain reasonable results.

As pointed out before (Rosenthal 1969), upstream dif-
ferencing for this model is dictated by economic consid-
erations. Despite the undesirable aspects of this numerical
system, it has yielded important results for a number of
meteorological problems (examples are Ogura 1963,
Orville 1964). For this reason, the rather strong condem-
nations of this method that have appeared in recent
literature (Molenkamp 1968a, 1968b) cannot be entirely
accepted. The major criticism appears to be the computa-
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tional damping discussed above. It has been pointed out
(Lilly 1961) that the damping provided by upstream dif-
ferencing is effective in the suppression of nonlinear
computational instability and that its general behavior
is similar to that of the explicit nonlinear eddy viscosity
used through the years by Smagorinsky and his group
(Smagorinsky 1963).

APPENDIX

By use of equations (2), (3), (6), (9), and (10), we may
derive the following expression for the kinetic energy
tendency of the storm:

K
e (33)
_where

7 21 2 42

K—2r f ’ f ””(“TJ“” dzdr, (34)
0 z1

5 2 _ a¢
Te=—2m prub 3 dzdr, (35)

0 21 r
I=—21I'fz Pty <u +vb>d (36)

Dr——e [ [ {3 (”K’ az>
5 (5. )} dedr, (37)

and -
Drmrete [ [ {uaﬁ[ﬂ%(ﬂ)]
o ar[,,.a ():l} dzdr. (38)

To evaluate the vertical mixing terms, we invoke the
boundary conditions (21) and (22). With the distribution
of K, used for these experiments (table 3) and from (21)
and (22), we have

Dy=~2r f " i Clolo] (ul-+03) . (39)

For the sake of brevity, the dissipation produced by
lateral eddy viscosity is written in the form of equation
(38), rather than in a form that separates internal dissi-
pation from dissipation at the lateral boundary.

If we average equation (33) over a time interval 7,
we obtain

e ) K a o~ o~ ~
%:K_;L;TE—I—I—DV—DH, (40)
where
~ i+
( )=1J‘ ( )dt’. (41)
™M

All terms of equation (40) may be evaluated directly
from the output of the model. In general, there will be
a significant imbalance because of truncation error. The
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kinetic energy budgets shown in figures 17 and 18 of the
text are based on 12-hr averages with computations at
12-hr intervals. '

The generation of available potential energy was cal-
culated from the approximate relationship

_2mg f K ﬁ ” T;:g_; ordr dz, (42)
where
‘)=%—fi—;—W, (43)
P*=400 km, (49)
()Y=0)—0), (45)
v=(§)(5) (46)

and S is the total (convective plus large-scale) condensa-
tion heating per unit time and mass.
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